We investigate theoretically the evolution of the two-point density correlation function of a lowdimensional ultracold Bose gas after release from a tight transverse confinement. In the course of expansion thermal and quantum fluctuations present in the trapped systems transform into density fluctuations. For the case of free ballistic expansion relevant to current experiments, we present simple analytical relations between the spectrum of "density ripples" and the correlation functions of the original confined systems. We analyze several physical regimes, including weakly and strongly interacting one-dimensional (1D) Bose gases and two-dimensional (2D) Bose gases below the Berezinskii-Kosterlitz-Thouless (BKT) transition. For weakly interacting 1D Bose gases, we obtain an explicit analytical expression for the spectrum of density ripples which can be used for thermometry. For 2D Bose gases below the BKT transition, we show that for sufficiently long expansion times the spectrum of the density ripples has a self-similar shape controlled only by the exponent of the first-order correlation function. This exponent can be extracted by analyzing the evolution of the spectrum of density ripples as a function of the expansion time.
I. INTRODUCTION A. Quantum noise studies of ultracold atoms
Quantum correlations can be used to identify and study interesting quantum phases and regimes in ultracold atomic systems. Recent experimental advances include detection of the Mott insulator phase of bosonic [1] and fermionic [2] atoms in optical lattices, production of correlated atom pairs in spontaneous four-wave mixing of two colliding Bose-Einstein condensates [3] , studies of dephasing [4] and interference distribution functions [5] in coherently split one-dimensional (1D) atomic quasicondensates (QC), observation of the BerezinskiiKosterlitz-Thouless (BKT) transition [6, 7] in twodimensional (2D) quasicondensates [8] , and HanburyBrown-Twiss correlation measurements for nondegenerate (ND) metastable 4 He [9] and 3 He atoms [10] , bosonic [11] and fermionic [12] atoms in optical lattices, and in atom lasers [13] . In one-dimensional atomic gases [14, 15, 16, 17, 18, 19, 20] , in situ measurements of correlations have been attained by means of photoassociation spectroscopy [21] or by measuring the three-body inelastic decay [22] , using the proportionality of the corresponding rates to the zero-distance two-particle and three-particle correlation functions, respectively [23] .
Recently it was demonstrated that one can detect single neutral atoms in a tight trap or guide [24, 25, 26, 27, 28, 29] . However, direct (not inferred from any kind of atomic loss rate [21, 22] ) observation of interatomic correlations at short distances in trapped ultracold atomic gases is hindered in many cases by either the finite spatial resolution of the optical detection technique or the very low detection efficiency of the scanning electron microscope [27] . Therefore one needs to release ultracold atoms from the trap, diluting the atomic cloud in the course of expansion. In this paper we address the question of how the correlations in the low-dimensional system evolve during the time-of-flight expansion, and discuss how the density variations in the time-of-flight images relate to the properties of the original trapped quantum gas. These "density ripples" in the expanding gas reflect the original thermal or quantum phase fluctuations existing in the cloud under confinement. Such phase fluctuations are already present in three-dimensional (3D) Bose-condensed clouds under an external confinement with large aspect ratio [30] . Their effect on density ripples of expanding clouds has been observed [31, 32, 33] , but quantitative analysis of such experiments was complicated since one had to take into account interactions in the course of expansion. However, for sufficiently strong transverse confinement reached in current experiments with lowdimensional gases (chemical potential of the order of the transverse confinement frequency), the gas expands rapidly in the transverse direction so interactions during the expansion stage can be safely neglected. Then one can develop a simple analytical theory, which directly relates the spectrum of the density ripples after the expansion to the correlation functions of the original fluctuating condensates. Similar question has been considered for 3D clouds expanding in the gravitational field but only for noninteracting atoms [34] . We also note the density ripples we discuss are different from the density modulations which appear due to interactions during expansion and have been studied in Refs. [35] and [36] .
B. Density ripples in expanding condensates: Preview
We consider one-or two-dimensional atomic gases released from a tight trap formed by a scalar potential as realized on atom chips or in optical lattice experiments. We consider the situation when free expansion takes place in all three dimensions. This should be contrasted to the expansion of such a gas inside a waveguide [16, 37, 38, 39, 40, 41, 42, 43, 44, 45] , with the transverse confinement being permanently maintained. In the latter case, the nonlinear atomic coupling constant
where ω ⊥ is the transverse trapping frequency and a s is the atomic s-wave scattering length, remains the same. While a bosonic gas rarifies during such expansion, collisions remain important. For example, in the 1D case dynamics asymptotically reaches the limiting TonksGirardeau (TG) [46] regime of impenetrable bosons. In our case, if the fundamental frequency of the potential of the transverse confinement is much larger than the initial chemical potential of the atoms, the expansion in the transverse directions is determined mainly by the kinetic energy stored in the initial localized state of the transverse motion. Interatomic collisions play almost no role in the expansion. Moreover tight transverse confinement decouples the motion of trapped atoms in the longitudinal and transverse directions. Thus when analyzing density ripples we can reduce the problem to the same number of dimensions as the initial trap (see discussion below in Sec. II). For a 1D trap we consider a one-dimensional spectrum of density ripples, and for atoms which were originally confined in a pancake trap we analyze two-dimensional density ripples. Before we consider a general formalism, it is useful to present the analysis for the simplest situation. Let us assume that the initial state can be described using the mean-field Bogoliubov approach [47, 48, 49] . Let Ψ † k be the creation operator of atoms at momentum k right before the expansion. After free expansion during time t, in the Heisenberg representation we haveΨ † k
, where m is the atomic mass. Then the density operator at time t is given by
and for the density correlation function we obtain
The expectation value Ψ † k1Ψ k2Ψ † k3Ψ k4 should be taken in the original condensate before the expansion. Within the mean-field Bogoliubov theory only a state with k = 0 is macroscopically occupied. Thus in Eq. (3) we take two operators to be √ N = √ n 1D L, where n 1D is the atomic density before the expansion. Thus Eq. (3) can be written as
The Bogoliubov theory predicts expectation values of Ψ −qΨq , Ψ † −qΨ † q , and 1 + 2 Ψ † qΨ q as
where ǫ q =h 2 q 2 /(2m), µ = g 1D n 1D is the chemical potential, E q = ǫ q (2µ + ǫ q ) is the Bogoliubov excitation spectrum, and n B is the Bose occupation number.
From these equations we can easily find the mean-field spectrum of density ripples |ρ MF (q)| 2 [see Eq. (21) and the discussion nearby for the precise mathematical definition of the spectrum]
The general character of the spectrum is clear from Eq. (7) . As a function of momentum it is not monotonic. We find minima nearhq 2 t/m = 2πn, and maxima close tohq 2 t/m = π(2n − 1), where n is a positive integer number. Note that while the positions of maxima and minima are essentially universal, the amplitude of individual maxima depends on both temperature and interaction strength.
The mean-field analysis leading to Eq. (7) is conceptually simple but has limited applicability. It is applicable for weakly interacting 3D Bose condensates if the interactions during expansion are switched off using Feshbach resonances [50] . In lower dimensions, thermal and quantum phase fluctuations are expected to suppress true long range order in 2D Bose condensates at finite temperature [51] and in 1D Bose condensates even at zero temperature [52] . In this paper we show how the analysis of the density ripples can be extended to more complicated but experimentally relevant situations when the mean-field approach breaks down. We will find a similar structure to Eq. (7): positions of maxima and minima of the spectrum are given by the same approximate universal conditions on the momenta. However explicit expressions for the strength of individual maxima will be very different. They will contain rich information about fluctuations of low-dimensional condensates.
C. Relation to other work
Conceptually, the question we consider in this paper is somewhat similar to the interpretation of cosmological observations. In the latter case, quantum fluctuations present in the early universe after its expansion result in observable anisotropies of the cosmic microwave background radiation [53, 54] , and in the density ripples of matter which eventually evolve into galaxies [55] . In our case, density ripples of the expanding clouds contain important information about correlations present in the trapped state. Analogies between properties of condensates and cosmology have attracted significant attention recently [56, 57, 58, 59, 60, 61, 62, 63] .
In addition to the mentioned approaches, several other techniques have been used to experimentally study correlations of low-dimensional gases. Some of them rely on creation of two copies of the same cloud [64, 65, 66, 67, 68] , while others require analysis of noise correlations [69] or in situ density-fluctuation statistics [70] . Interference experiments between two low-dimensional clouds [4, 5, 8] can also be used to characterize two-point and multipoint correlation functions [71, 72, 73, 74] . Analysis of density ripples is a much simpler experiment and, as we discuss in this paper, can be used for thermometry. This is particularly important for weakly interacting 1D Bose quasicondensates [75, 76] , for which the standard approach to measuring temperature by fitting density profiles cannot be extended to temperatures of the order of the chemical potential. In this regime, the chemical potential is very weakly dependent on the temperature [77] , thus finite temperature leads only to small corrections to the "inverted parabola" density profile [78] . An improved thermometry method based on comparison of in situ measured density profiles with solutions of Yang and Yang equations [79] in the local-density approximation has been developed in Ref. [19] .
There has been significant theoretical interest in correlation functions of the 1D Bose gas. At distances much larger than the healing length, correlation functions are described by Luttinger liquid theory [80, 81, 82] . In the weakly interacting quasicondensate regime, correlation functions can be described by extension of Bogoliubov theory to low-dimensional gases [76, 77, 83, 84, 85] . In the strongly interacting regime, one can use "fermionization" [46] of a 1D Bose gas to evaluate correlation functions at all distances as certain determinants [86] . The Lieb-Liniger model [87] which describes the 1D Bose gas is exactly solvable, and one can also analytically obtain zero-distance two-point [88, 89] and three-point [90] density correlations for any interaction strength, and extract certain dynamical correlation functions [91, 92, 93, 94, 95] from the exact solution. Various numerical techniques have been used as well [78, 96, 97, 98] , and recent results including the decoherent quantum regime [89, 99] are summarized in Refs. [100] and [101] .
Two-dimensional systems have also been a subject of considerable experimental [8, 15, 68, 102, 103, 104, 105] and theoretical work [75, 85, 106, 107, 108, 109, 110, 111, 112, 113, 114] .
D. Structure of the paper
This paper is organized as follows. In Sec. II we derive simple analytical relations between the density ripples after the expansion and the correlation functions of the original system before the expansion. In Sec. III A we analyze the case of weakly interacting 1D Bose gases and obtain explicit expression for the spectrum of density ripples. In Sec. III B we consider the case of a strongly interacting 1D Bose gas. In Sec. III C we review general features of the density-density correlation function in expanding 1D Bose clouds. In Sec. IV we discuss 2D Bose systems below the BKT transition [6, 7] . We summarize our results and make concluding remarks in Sec. V.
II. FREE EXPANSION
In this section we focus on the atoms expanding from a one-dimensional trap. The atom field operator evolution during the free expansion is given by [115] 
where the Green's function of free motion is
with m being the atomic mass. Tight transverse confinement decouples the motion of trapped atoms in the (y, z)-plane and along the waveguide axis x, so that the transverse motion is confined to its ground state f ⊥ (y, z), andΨ(r, 0) = f ⊥ (y, z)ψ(x, 0). This, alongside with Eq.
(9), allows for a separation of motion in the longitudinal and transverse directions, effectively reducing the problem to 1D. We introduce the two-particle density matrix for the longitudinal motion as
(11) Then we define the two-point density correlation function
where n(x, t) = ψ † (x, t)ψ(x, t) . The free evolution of the two-particle density matrix is given by the convolution of the two-particle density matrix at t = 0 with four respective Green's functions, one for each spatial argument, two of the Green's functions being complex conjugate. We are interested in the case
in the final state. Then we obtain
. (13) We assume that the product of the typical velocity of the atoms in the x-direction and the expansion time is much smaller than the size of the trapped atomic cloud. Then we are allowed to consider a uniform sample with length L → ∞, with the 1D number density n 1D = N/L being kept constant in the thermodynamic limit (N being the total number of atoms). Note that this limit is opposite to the conventional limit of infinitely large expansion times, in which density in real space reflects the initial momentum distribution (in that regime, it was recently proposed [116] that noise correlations in density profiles can be used to probe properties of low-dimensional gases).
In our limit n(x, t) = n 1D is constant in time, and the two-particle density matrix is translationally invariant (it does not change if all four of its spatial arguments are shifted by the same amount) at any time. The density correlation function then depends on the coordinate difference only, so we use the notation
Using the translational invariance of the two-particle density matrix and the identity
we arrive at
where
Obviously, ρ(
. The physical meaning of Eq. (16) is that the motion of the center of mass of an atomic pair plays no role in the dynamics of establishing g 2 (x 1 −x 2 ; t), which is fully determined by the relative motion. The relative-motion degree of freedom is characterized by the reduced mass m/2 [117] .
Let us now consider some properties of the two-particle density matrix ̺(x 1 ; x 2 ; t) for bosons. Changing the sign of x 1 or x 2 is equivalent to a permutation of two bosons and, hence, does not change the two-particle density matrix, i.e.,
For the regimes we consider the density matrix of neutral bosons can be assumed to be real. This, together with the Hermicity property, results in
Using Eqs. (18) and (19) and Fourier transforming the Green's functions, we can reduce Eq. (16) to
Alternatively, this equation can be written as
Here |ρ(q)| 2 is the spectrum of density ripples at time t, which in experiment can be obtained by Fourier transforming absorption images after expansion [118] . It is related to two-point density correlation function as [119]
Equations (20) and (21) provide a simple analytical relation between the properties of the density ripples after the expansion and the correlation functions before the expansion.
It is straightforward to generalize the above analysis to the 2D case. In particular, the analog of Eq. (21) for the time evolution of the two-point density correlation function has the same form, with X substituted by r and q treated as a 2D vector. Namely, we obtain
III. 1D BOSE GASES A. Weakly interacting 1D Bose gases
In this subsection we will consider the spectrum of density ripples of weakly interacting 1D quasicondensates. Before we proceed to full analytical theory, let us return to the simple mean-field Bogoliubov approach, which we discussed in the introduction. Readers may be skeptical about the applicability of the mean-field approach to 1D. Indeed, there is no long-range order for 1D gases even at zero temperature [52] , and mean-field approach is generally not applicable. However, in the regime of weak interactions and under certain conditions on the expansion time t, the spectrum of density ripples is captured correctly by the mean-field approach, as we will verify later in a rigorous calculation.
We consider Eq. (7) in the limit ǫ q ≪ µ, E q ≪ k B T. In this case one can neglect the first term in the second parentheses, use an approximation E q ∝ q, and expand the Bose occupation number, leading to
Let us now present a full calculation, which does not make a mean-field approximation. For weak interactions Bogoliubov theory has been extended to low-dimensional quasicondensates [77] , and can be used to calculate correlation functions at all distances. For quasicondensates, the fluctuations of the phase are described by the Gaussian action. For Gaussian actions, higher order correlation functions are simply related to two-point correlation functions (see, e.g., Refs. [120] and [121] ), and the fourpoint correlation function in Eq. (21) factorizes into products of two-point correlation functions of bosonic fields as [74] 
This equation gives correct result for all values of
, and x ′ 2 in the leading order over 1/K expansion (see the definition of K ≫ 1 below), and can be used to evaluate the spectrum of the density ripples in weakly interacting condensates for all times. The two-point correlation function ψ † (x
is translationally invariant, and is simply related to predictions of the Bogoliubov theory. For 1D quasicondensates, one has [77] 
, and µ is the chemical potential. When only lowest transverse mode is occupied (µ ≪hω ⊥ ), speed of sound is given by c = 2hω ⊥ n 1D a s /m. The dimensionless function f (s) depends on the temperature, and equals (27) where
For finite temperatures, the function f (s) has the following asymptotic behavior
Quasicondensate theory is valid [77, 100, 101] for temperatures
significantly beyond the regime of validity of Luttinger liquid theory, which is restricted to k B T /µ ≪ 1. The longitudinal density profile of a quasicondensate in external harmonic confinement follows the inverted parabola shape under condition (32), see, e.g., Ref. [78] . Due to the low fraction of the thermally populated excited states, it is problematic to extract the temperature of the gas from fitting bimodal distributions to the observed density profiles. Below we show that the spectrum of density ripples can be used as a convenient tool to characterize the temperature, and is sensitive to temperatures of the order of the chemical potential.
To be specific, let us consider the case of 87 Rb atoms (scattering length a s = 5.2 nm) with density n 1D = 40 µm −1 and transverse confinement frequency ω ⊥ = 2π × 2 kHz, resulting in Luttinger liquid parameter K ≈ 47 and healing length ξ h ≈ 0.37 µm. We can use Eqs. (25)- (30) to numerically evaluate in-trap correlation functions. By performing then a numerical integration of Eq. (21) for various temperatures and expansion times, we can evaluate the spectrum of density ripples under condition (32) , and the results are shown in Figs. 1 and  2 . In the inset to Fig. 2 we also show g 2 (x; t) evaluated using the inverse of Eq. (22) . In the quasicondensate regime the behavior of g 2 (x; t) follows the qualitative discussion of Sec. III C. There are several qualitative features that should be noted. The spectrum of density ripples is not a monotonic function, and can also have several maxima. The positions of the maxima only weakly depend on the temperature, and are mostly determined by the expansion time. The amplitude of the ripples, on the other hand, significantly depends both on the expansion time and temperature.
Let us now derive a simple analytical expression for the spectrum of density ripples, which is valid in the regime [justified below after Eq. (39)]
Under this condition one can use Eq. (31) and approximate the two-point correlation function by
where λ T is defined by
and does not depend on interaction strength, as long as Eq. (32) is satisfied. Using Eqs. (25) and (34), the second line of Eq. (21) can be written as
and exp −hqt mλ T otherwise.
The constant term exp −hqt mλT is responsible for g 2 (x → ∞, t) = 1. Since according to Eq. (21) we need to take a Fourier transform of the above expression, subtracting the constant on the whole interval (0, ∞) does not affect |ρ(q)| 2 for q = 0, and we obtain
(36) This integral can be evaluated in a closed form, and leads to an analytical answer
.
(37) Note that the last equation reduces to Eq. (24) when λ T q ≫ 1 andhqt/mλ T ≪ 1. Figures 1 and 2 show an excellent agreement between the analytical result and numerical integration described earlier after Eq. (32). The analytical result shows the same non-monotonic behavior as the numerical calculations. The parameter λ T defines a time scale
after which only a single maximum persists. When several maxima and minima are present, their positions can be estimated bȳ
where the upper (lower) sign corresponds to the nth maximum (minimum). These conditions can be understood as a "standing wave" conditions in Eq. (36) , and become more precise at lower temperatures. The appearance of minima and maxima in the spectrum of density ripples can be understood in terms of matter-wave near-field diffraction. The analogous effect for light waves (in the spatial domain) is known as the Talbot effect [122] . Its matter-wave counterpart has been also observed in diffraction of atoms on a grating [123] . In our case, we observe near-field diffraction in the time domain. For each expansion time, a certain momentum contribution will be "imaged" onto itself, leading to a minimum in the spectrum of density ripples for a given momentum q. As compared to diffraction on a regular grating with a fixed period, the typical fluctuation length in the trapped cloud is not constant, but distributed around the thermal length λ T . Therefore, minima in the spectrum appear for any sufficiently small expansion time, according to condition (39) .
Condition ( 
Indeed, they rely only on the 1D nature of long-range correlations, weakness of interactions, and the property cK = πn 1D /m, which is a consequence of the Galilean invariance [81] . In Eqs. (32) and (33), the Luttinger liquid parameter K can be obtained as K =hπn 1D /(mc), where the square of the sound velocity c can be determined from compressibility as c 2 = n 1D (∂µ/∂n 1D )/m. For chemical potential µ, one can use an approximate relation [124] µ =hω ⊥ ( √ 1 + 4a s n 1D − 1).
Let us now briefly review the conditions under which one can neglect interactions in expanding 1D clouds and the effects of finite condensate length L. Transverse expansion takes place at the times of the order of inverse transverse confinement ω −1 ⊥ . Up to the times of this order, one cannot neglect interactions during the expansion. Correlation functions which enter Eq. (21) will be smeared up to the distances of the order δx ∼ c/ω ⊥ = ξ h µ/ω ⊥ , and smearing will only weakly affect the final result for |ρ(q)| 2 if qδx ≪ 1. Thus to observe an oscillating spectrum of density ripples, one needs to satisfy the condition
which easily holds for the parameters shown in Figs. 1 and 2. In addition, one can use Feshbach resonances [50] to completely switch off interactions during the expansion. Locally, corrections due to finite L can be neglected, if finite limits of integration in Eq. (16) lead to smearing of delta functions up to the distances at which the correlation functions change considerably. This change can occur either because of the variations of the density in external confinement at distances ∼ L, or because of the decay of correlations for finite temperatures at distances of the order ∼ Kξ h /a. Thus for finite temperatures these conditions read as
and are easily satisfied for parameters considered earlier, and, e.g., longitudinal frequency ω x = 2π × 5 Hz. Under condition (42) one can take the inhomogeneity of the density profile into account within the local-density approximation by averaging the prediction of Eq. (37).
B. Strongly interacting 1D Bose gases
Let us now describe the evolution of the two-point density correlation function g 2 (x; t) of a strongly interacting 1D Bose gas. A dimensionless parameter which controls the strength of interactions at zero temperature can be written as
Under such conditions, the bosonic wave function takes on fermion properties, and the density correlation function in the trap g 2 (x; 0) is the same as for non-interacting fermions of the same density and temperature. In particular, it vanishes at x = 0, and one has g 2 (0; 0) = 0. However, the correlation functions that contain creation and annihilation operators at different points, such as ̺(x 1 ; x 2 ; 0) in Eq. (20), are not the same as for noninteracting fermions. This happens because bosonic operators, when written in terms of fermionic operators, contain a "string" which ensures proper commutation relations.
In the Appendix we derive a representation of ̺(x 1 ; x 2 ; 0) as a Fredholm-type determinant, which can be easily evaluated numerically. Combining this representation with Eq. (20), we evaluate g 2 (x; t) after various expansion times numerically. The results for zero temperature are shown in Fig. 3 , while the results for finite temperature
are shown in Fig. 4 . In spite of a considerable change in the temperature, there is no qualitative change in the behavior for the Tonks-Girardeau gas.
C. General remarks about 1D case
Before concluding this section we would like to provide a qualitative analysis of the evolution of the density correlation function g 2 (x; t) as a function of the expansion time t.
The general structure of the two-particle density matrix ̺(x 1 ; x 2 ; 0) of a 1D Bose gas is shown schematically in Fig. 5 . Because of the Bose symmetry, ̺(x 1 ; x 2 ; 0) is represented in the (x 1 , x 2 )-plane by two infinite perpendic- Density plot of the two-particle density matrix ̺(x1; x2; 0) of a 1D Bose gas, see Eqs. (11) and (17) (the density bar represents the ̺ scale in units of n
1D
). Initially (at t = 0) the bosonic system can be a Tonks-Girardeau gas (TG) or a weakly interacting quasicondensate (QC) or a nondegenerate (ND) thermal gas. The central (x1 ≈ x2 ≈ 0) part of the two-particle density matrix in these cases is shown in three respective insets. The bar shows the typical correlation scale λC.
ular "bands" of a typical transverse size λ C (correlation length). Asymptotically, as x 1 → ±∞ and x 2 = ±x 1 , ̺ → n 2 1D . There are several possible cases of atomic correlations near the point x 1 = x 2 = 0 in a trapped 1D gas. In general, at t = 0, we have ρ(0; 0; 0) = n 2 1D g 2 (0; 0). In the case of the Tonks-Girardeau gas of impenetrable bosons [46, 86] 
2 [46] ). Another possibility is a weakly interacting degenerate gas (quasicondensate), where g 2 (0; 0) ≡ g QC 2 (0) ≈ 1 [77, 88, 96, 100, 101] . Finally, the 1D Bose gas can be non-degenerate (thermal), in which case g 2 (0; 0) ≡ g N D 2 = 2. As the interparticle distance grows, the density correlation function quite rapidly approaches its asymptotic value g 2 (x → ∞; 0) = 1 at the distances of the order of λ C .
One can show that time-dependent density correlation function can be written as
The first term (unity) stems from the band of non-zero values of ̺ aligned along the line x 1 = x 2 (see Fig. 5 ). It represents the density correlation function of an ideal gas of distinguishable particles at equilibrium. The second term, κ(λ C , x, t), reflects the Bose-Einstein statistics of the atoms and appears due to the second band along x 2 = −x 1 . Its maximum value, κ(λ C , 0, t), increases from 0 to 1 on a typical time scale ∼ mλ 2 C /h. As |x| grows, this term asymptotically approaches 0 on a length scale given by λ C . The third term describes washing-out of initial short-range (microscopic) correlations. The maximum value of h(λ C , x, t) is reached at x = 0, it decreases from 1 to 0 on a time scale ∼ mλ 2 C /h, and h(λ C , x, t) ≈ 0 if |x| ≫ λ C . In the course of free evolution, the density correlation properties of an expanding Bose gas become similar to that of an ideal Bose gas at temperature k B T ∼ h 2 /(mλ 2 C ).
IV. 2D BOSE GASES BELOW THE BEREZINSKII-KOSTERLITZ-THOULESS TEMPERATURE
Let us now discuss the properties of density ripples in expanding 2D clouds. Recently 2D condensates have been realized experimentally in several groups [8, 15, 68, 102, 103, 105] . Reduced dimensionality has dramatic effect on thermal fluctuations. In the case of 2D Bose gases there is no true long-range order for any finite temperature [51] . For uniform 2D Bose clouds at sufficiently low temperatures, the two-point correlation function behaves at large distances as [75, 85, 106, 107] 
For weakly interacting 2D Bose gas at small temperatures, one can evaluate parameters of Eq. (45) from microscopic theory. The dimensionless parameter characterizing weakness of interactions is written as [85, 107] 
The exponent η in Eq. (45) equals [85, 107] 
and λ 2D equals the de Broglie wavelength of thermal phononshc/(k B T ) at k B T ≪ µ, and the two-dimensional healing length ξ 2D =h/ √ mµ at high temperatures
Equation (45) remains valid for η smaller than
at which point the BKT [6, 7, 120] transition takes place due to proliferation of vortices, and correlation functions start to decay exponentially with distance. Such a transition for ultracold 2D Bose gases has been observed recently [8, 68, 105] , and its microscopic origin has been elucidated. Experiments of Ref. [8] studied interference of two independent 2D Bose clouds, which requires imaging along the "in-plane" direction and inevitably leads to averaging over inhomogeneous densities.
Study of the spectrum of density ripples in expanding clouds with imaging in transverse direction (as done in Ref. [68] ) avoids this problem altogether, and can provide access to properties of correlations at fixed density. The interplay between the BKT transition and the effects of the external confinement is a rather complicated question even for weakly interacting Bose gas [103, 104, 108, 109] , and we will only discuss the uniform case here.
Even for weak interactions, one cannot use quasicondensate theory to analytically describe correlations as functions of microscopic parameters in the vicinity of the BKT transition or to predict the transition temperature, and has to resort to fully numerical methods [110] . Nevertheless, the factorization property [Eq. (25) ] remains valid for large-distance behavior of correlation functions for all η below the critical value 1/4, since large-distance fluctuations of the phase are still described by the Gaussian theory. Using that together with Eq. (45), we will now obtain the prediction for the spectrum of density ripples which is valid as long as only points with relative distances much larger than λ 2D contribute significantly to the integral in Eq. (23) . We will show below, that this regime is realized if
We introduce a dimensionless variable
and use expression Eq. (45) for all r. Using symmetries of the resulting integral, the expression for |ρ(q)| 2 is written as
where F (η, y) is a dimensionless function defined by [125] 
We find that the spectrum of density ripples remains self-similar in the course of expansion and the shape of the spectrum is a function of η only. Plots of F (η, y) for three different values of η are shown in Fig. 6 , and have a similar structure. Positions of maxima and minima are very well described by Eq. (39) , where the upper (lower) sign corresponds to the nth maximum (minimum). In Eq. (23) typical distances which contribute to |ρ(q)| 2 near its maximum at y ≈ π can be estimated as ∼ ht/m, which leads to condition (49) . Note however, that self-similarity starts breaking down for sufficiently large y even when condition (49) is satisfied. Scaling of the magnitude of |ρ(q)| 2 with time in the self-similar regime can be used to extract η. For example, the integral of |ρ(q)| 2 from zero to its first minimum scales with time as
and the exponent changes considerably as η changes from 0 to the critical value 1/4. For small η, one can derive an expansion of F (η, y) as
where f 1 (y) can be evaluated analytically as
The term f 2 (y) leads to a finite value of F (η, y) at the first minimum. By including effects of f 2 (y) and f 3 (y), one can derive
which coincides with the direct numerical evaluation up to 2.5% for η = 0.25. For weakly interacting uniform 2D Bose gases at low temperatures, one can also obtain predictions which are not limited by Eq. (49) . Under condition
an extension of Bogoliubov theory to 2D quasicondensates describes correlations at all distances [77] . Such a theory is valid up to temperatures of the order
and predicts the exponent (47) . The correlation function is written as
where the dimensionless function f 2D (s) is defined by
Here, J 0 (x) is the Bessel function, and u k , v k and n k are defined by Eqs. (28)- (30) . We now consider a case of 87 Rb atoms with transverse confinement frequency ω ⊥ = 2π × 3 kHz, and density n 2D ≈ 84 µm −2 . This yields the dimensionless interaction parameterg ≈ 0.13, healing length ξ h ≈ 0.3 µm, and n 2D ξ 2 2D ≈ 7.5. We perform a numerical integration of Eq. (23) for temperature T = 60 nK (which corresponds to correlation exponent 0.02) and various expansion times, and the results are shown in Fig. 7 .
Qualitatively, they look similar to the self-similar regime for all times, and one again obtains an oscillating spectrum of density ripples with maxima and minima very well described by Eq. (39) . In the weakly interacting regime the ratio of the first maximum to the first minimum for |ρ(q)| 2 is much larger than one, similar to the weakly interacting 1D Bose gas.
V. CONCLUSIONS
To conclude, we calculated the evolution of the twopoint density correlation function of an ultracold atomic Bose gas released from a tight transverse confinement.
For 1D gases in the weakly interacting regime, in a wide range of parameters given by Eq. (33), we analytically calculated the spectrum of density ripples |ρ(q)| 2 . Our results are summarized in Eq. (37) and Figs. 1 and 2. Our analytical theory is also applicable in the quasi-1D regime when k B T and µ are of the order of transverse confinement frequencyhω ⊥ . For expansion times smaller than 6.5mλ ξ2D) for weakly interacting 2D quasicondensate of 87 Rb atoms with density n2D ≈ 84 µm −2 , transverse confinement frequency ω ⊥ = 2π × 3 kHz, healing length ξ h ≈ 0.3 µm, and dimensionless interaction parameterg ≈ 0.13. Temperature is taken to be T = 60 nK (kBT ≈ µ), which corresponds to correlation exponent η = 0.020. Various curves correspond to expansion times t = 12 ms (blue, solid), t = 8 ms (green, dashed), and t = 4 ms (red, dotted). The lines are guides to the eyes. density fitting cannot be used to measure temperatures reliably. We propose that our analytical result Eq. (37) can be used for thermometry of one-dimensional systems. Experimental investigation of this question is currently under way, and will be presented in a separate presentation [126] .
For one-dimensional systems, we also discussed evolution of the density correlation function in real space, g 2 (x; t). For long expansion times we find that the correlation function g 2 (x; t) reaches the value of 2 at short distances and approaches the value 1 for distances larger than the correlation length, see, e.g., Fig. 3 for TonksGirardeau regime.
For 2D Bose gases with temperatures below the Berezinskii-Kosterlitz-Thouless transition and sufficiently long expansion time, we showed that the spectrum of the density ripples evolves in a self-similar way. Our result for this case is given in Eq. (51) and Fig. 6 , with positions of maxima and minima determined by Eq. (39) . The scaling of the overall magnitude can be used to extract the correlation exponent η, e.g., using Eq. (53) .
For more complicated situations, e.g., multicomponent gases, relation (21) and its cross-correlation generalizations can be used as a convenient experimental tool to characterize complex many-body states and their correlations. In addition, it can be used as an experimental tool to investigate non-equilibrium phenomena in lowdimensional gases.
A. In this appendix we will describe a Fredholm-type determinant representation for ̺(x 1 ; x 2 ; 0) for 0 < x 1 < x 2 , which can be easily evaluated numerically. Due to Eqs. (18) and (19) this defines ̺(x 1 ; x 2 ; 0) for any values of x 1 and x 2 . Representations similar to the one developed here can be obtained for any multi-point correlation function of bosonic fields in the strongly interacting limit.
Mathematically, fermionization can be written aŝ ψ † (x) = exp iπ
ψ(x) = exp −iπ
where we introduced fermionic creation and annihilation operatorsψ † f (x) andψ f (x), which have standard anticommutation relations ψ † f (x),ψ f (y) = δ(x − y),
ψ † f (x),ψ † f (y) = ψ f (x),ψ f (y) = 0.
For zero temperature, ground state for fermions corresponds to a filled Fermi sea, whereas at finite temperature one should use a thermal density matrix for noninteracting fermions. For convenience, we will introduce a fictitious underlying lattice of spacing a ≪ x 1 , x 2 , such that
where m 1 and m 2 are large positive integer numbers. At the end of the calculation, we will take the limit a → 0 such that m 1 a → x 1 /2, m 2 a → x 2 /2. On a lattice, fermionization rules [Eqs. (A1) and (A2)] and commutation relations (A3) and (A4) are written aŝ
